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ABSTRACT. – In this paper we consider the following nonlinear evolution equation:
φtt −φ − div
(
1
3
|∇φ|2∇φ
)
=φt , x ∈R2, t  0,
with initial data φ(x,0)= φ0(x), φt (x,0) = φ1(x), φ0 ∈H 3(R2), φ1 ∈H 2(R2), which is an extension of
a particular case of the unidimensional viscoelasticity equations. We prove the existence of a unique global
strong solution
φ ∈ C
(
[0,+∞[;H 3
)
∩C1
(
[0,+∞[;H 2
)
∩C2
(
[0,+∞[;L2
)
,
without restrictions on the “size” of φ0 and φ1; if φ0 and φ1 only depend on r = |x| = (x21 + x22 )1/2, the
solution φ only depends on r and t .  2001 Éditions scientifiques et médicales Elsevier SAS
Keywords: Viscoelasticity, Strong global solution in R2
RÉSUMÉ. – Dans cet article nous considérons l’équation d’évolution non linéaire suivante :
φtt −φ − div
(
1
3
|∇φ|2∇φ
)
=φt , x ∈R2, t  0,
avec données initiales φ(x,0) = φ0(x), φt (x,0) = φ1(x), φ0 ∈ H 3(R2), φ1 ∈ H 2(R2). Cette équation
est une extension à R2 d’un cas particulier des équations unidimensionnelles de la viscoelasticité. Nous
prouvons l’existence d’une unique solution globale forte
φ ∈ C
(
[0,+∞[;H 3
)
∩C1
(
[0,+∞[;H 2
)
∩C2
(
[0,+∞[;L2
)
,
sans restrictions sur la “taille” de φ0 et φ1 ; si φ0 et φ1 dépendent uniquement de r = |x| = (x21 + x22 )1/2,
la solution φ dépend uniquement de r et de t .  2001 Éditions scientifiques et médicales Elsevier SAS
Mots Clés: Viscoelasticité, Solution globale forte dans R2
E-mail address: dias@lmc.fc.ul.pt (J.-P. Dias).
536 J.-P. DIAS / J. Math. Pures Appl. 80 (2001) 535–546
1. Introduction
Let us consider, for x = (x1, x2) ∈ R2, t  0, with ∇φ = (∂φ/∂x1, ∂φ/∂x2),
φ = ∂2φ/∂x21 + ∂2φ/∂x22 , φt = ∂φ/∂t , the following nonlinear evolution equation, motivated
by the unidimensional viscoelasticity equations studied in [5] and in [4] (see [3] for related mod-
els):
φtt −φ − div
(
1
3
|∇φ|2∇φ
)
=φt(1.1)
with initial data
φ(·,0)= φ0, φt (·,0)= φ1, φ0 ∈H 3
(
R
2), φ1 ∈H 2(R2).(1.2)
By applying classical energy methods, inspired in those introduced in [5], we want to prove the
following result:
THEOREM 1. – Assume that φ0 and φ1 verifies (1.2) and only depends on
r = |x| = (x21 + x22 )1/2. Then, there exists a unique function
φ ∈ C([0,+∞[;H 3)∩C1([0,+∞[;H 2)∩C2([0,+∞[;L2),
solution of the Cauchy problem (1.1), (1.2). The solution φ only depends on r and t .
The proof, in this two-dimensional space case, is more delicate than in the one-dimensional
model since H 1(R2) ↪→ L∞(R2) and relies in an estimate of the ‖φ‖L4 norm and the Calderon
inequality (cf. [8]):
‖φ‖W 2,4  c
(‖φ‖L4 + ‖φ‖L4).(1.3)
Since W 1,4(R2) ↪→ L∞(R2), we derive, in particular:
‖∇φ‖L∞  c
(‖φ‖L4 + ‖φ‖L4).(1.4)
To obtain the ‖φ‖L4 estimate we need, for technical reasons (see lemma in Section 3), to
assume that φ only depends on r and t and so we choose φ0 and φ1 radial symmetric.
Since, for φ = φ(r, t) we have, in R2:
∇φ = φ′(r)x
r
, φ = φ′′(r)+ φ
′(r)
r
,
div
(
1
3
|∇φ|2∇φ
)
= 1
3
φ′2
(
φ′
r
+ φ′′
)
+ 2
3
φ′2φ′′ = φ′2
(
φ′′ + 1
3
φ′
r
)
,
the local existence theorem (Theorem 2) then gives a solution φ also radial symmetric.
In the proof, the following well known Gagliardo–Nirenberg inequality is also essential:∥∥∥∥ ∂2φ∂xi ∂xj
∥∥∥∥
L4
 c
∥∥∥∥ ∂2φ∂xi ∂xj
∥∥∥∥1/2
L2
(∑
k
∥∥∥∥ ∂3φ∂xi ∂xj ∂xk
∥∥∥∥
L2
)1/2
, φ ∈H 3(R2).(1.5)
The corresponding inequality for the three-dimensional case suggests that we cannot obtain the
same result for arbitrary large initial data in three space dimensions, even in the radial symmetric
form.
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2. Local existence and uniqueness
Let us assume φ0 ∈ H 3(R2), φ1 ∈ H 2(R2) and let {S(t)t0} be the semi-group of operators
associated to the heat equation in R2. Let be
ψ˜(t)=
t∫
0
S(τ)φ1 dτ + φ0.(2.1)
We have
ψ˜t (t)= S(t)φ1, ∂ψ˜
∂xi
(t)=
t∫
0
S(τ)
∂φ1
∂xi
dτ + ∂φ0
∂xi
,

∂ψ˜
∂xi
(t)=
t∫
0

[
S(τ)
∂φ1
∂xi
]
dτ +∂φ0
∂xi
=
t∫
0
∂
∂τ
[
S(τ)
∂φ1
∂xi
]
dτ +∂φ0
∂xi
= S(t)∂φ1
∂xi
− ∂φ1
∂xi
+∂φ0
∂xi
(cf. [2]).
Hence, ψ˜ ∈ C([0,+∞[;H 3)∩C1([0,+∞[;H 2), ψ˜(·,0)= φ0, ψ˜t (·,0)= φ1. Let us fix M > 0
and for T > 0 (to be chosen) let be:
XT =
{
ψ ∈ C([0, T ];H 3)∩C1([0, T ];H 2) | ‖ψ − ψ˜‖M},
where ‖ · ‖ is the usual sup norm. We can assume that ‖ ψ˜ ‖ M . For ψ ∈ XT , we define
φ = Fψ by:
φ(t)=
t∫
0
φt(τ )dτ + φ0,
where
φt(t) = S(t)φ1 +
t∫
0
S(t − τ )[fψ(τ)]dτ,
fψ = ψ + div
(
1
3
|∇ψ|2∇ψ
)
.
(2.2)
We deduce (cf. [7]), for φ = Fψ defined as above,
∥∥φt(t)− ψ˜t (t)∥∥H 2 = ∥∥φt(t)− S(t)φ1∥∥H 2  c
t∫
0
1
(t − τ )1/2 ‖fψ(τ)‖H 1 dτ  c˜(t)g(M),
where c˜(t)  0 is an increasing continuous function such that c˜(0) = 0 and g(M) > 0 is a
continuous function. Also
∥∥φ(t)− ψ˜(t)∥∥
H 2 
t∫
0
∥∥φt (τ )− ψ˜t (τ )∥∥H 2  c˜(t)g(M).
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In order to estimate ‖φ(t)− ψ˜(t)‖H 3 we consider ‖∂φ/∂xi(t)− ∂ψ˜/∂xi(t)‖H 2 for i = 1,2. We
have
∂
∂t
[(
∂
∂t
−
)
∂φ
∂xi
]
= ∂
∂xi
[(
∂
∂t
−
)
φt
]
= ∂fψ
∂xi
,
fψ defined in (2.2). We derive, integrating in t ,
∂2φ
∂t ∂xi
− ∂φ
∂xi
= ∂φ1
∂xi
−∂φ0
∂xi
+
t∫
0
∂fψ
∂xi
(τ )dτ,
∂φ
∂xi
− ∂φ
∂xi
= ∂φ
∂xi
− ∂
2φ
∂t ∂xi
+ ∂φ1
∂xi
−∂φ0
∂xi
+
t∫
0
∂fψ
∂xi
(τ )dτ,
(
∂φ
∂xi
− ∂ψ˜
∂xi
)
−
(
∂φ
∂xi
− ∂ψ˜
∂xi
)
= ∂φ
∂xi
− ∂
2φ
∂t ∂xi
+ ∂φ1
∂xi
−∂φ0
∂xi
+
t∫
0
∂fψ
∂xi
(τ )dτ −
t∫
0
S(τ)
∂φ
∂xi
dτ
− ∂φ0
∂xi
+
t∫
0
S(τ)
∂φ1
∂xi
dτ +∂φ0
∂xi
.
Since
t∫
0
S(τ)
∂φ1
∂xi
dτ =
t∫
0
∂
∂τ
S(τ )
∂φ1
∂xi
dτ = S(t)∂φ1
∂xi
− ∂φ1
∂xi
,
we deduce, by (2.2),(
∂φ
∂xi
− ∂ψ˜
∂xi
)
−
(
∂φ
∂xi
− ∂ψ˜
∂xi
)
= ∂φ
∂xi
− ∂
2φ
∂t ∂xi
+
t∫
0
∂fψ
∂xi
(τ )dτ −
t∫
0
S(τ)
∂φ1
∂xi
dτ − ∂φ0
∂xi
+ S(t)∂φ1
∂xi
=
(
∂φ
∂xi
− ∂φ0
∂xi
)
−
t∫
0
S(t − τ )∂fψ
∂xi
(τ )dτ +
t∫
0
∂fψ
∂xi
(τ )dτ −
t∫
0
S(τ)
∂φ1
∂xi
dτ
= hψ(t).
Hence, by Fourier transform,∥∥∥∥ ∂φ∂xi (t)− ∂ψ˜∂xi (t)
∥∥∥∥
H 2
 c‖hψ(t)‖L2  c
(∥∥∥∥ ∂φ∂xi − ∂φ0∂xi
∥∥∥∥
L2
+ c˜(t)g(M)
)
 c˜(t)g(M).
Hence, for T  T0, F(XT )⊂XT .
It is not difficult to see that, for T  T0, we have:
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max
0tT
∥∥Fψ(t)− Fψ1(t)∥∥H 2 + max0tT ∥∥(Fψ)t (t)− (Fψ1)t (t)∥∥H 1
 c˜(T )g(M)
[
max
0tT
∥∥ψ(t)−ψ1(t)∥∥H 2 + max0tT ∥∥ψt (t)−ψ1t (t)∥∥H 1],
for each pair (ψ,ψ1) in XT we can choose T1  T0 such that c˜(T1)g(M) < 1 and so
F :XT1 →XT1 is a strict contraction for a lower norm. By well known topological considerations
(cf. [1], see also [9]), it is enough to obtain a (unique) fixed point φ of the map F :XT1 →XT1 .
We have proved the following result:
THEOREM 2. – If φ0 and φ1 verifies (1.2) then there exists a T1 > 0 and a unique function
φ ∈ C([0, T1];H 3) ∩ C1([0, T1];H 2) ∩ C2([0, T1];L2) solution of the Cauchy problem (1.1),
(1.2), for t ∈ [0, T1]. If φ0, φ1 only depend on r = |x|, the solution φ will depend only on r and t .
3. Proof of Theorem 1
Let φ ∈ C([0, T ′[;H 3) ∩ C1([0, T ′[;H 2) ∩ C2([0, T ′[;L2) be the unique solution of the
Cauchy problem (1.1), (1.2) in the maximal existence interval [0, T ′[. We want to obtain the
following estimate, for t ∈ [0, T ′[,∥∥φ(t)∥∥
H 3 +
∥∥φt(t)∥∥H 2 + ∥∥φtt (t)∥∥L2  c(t),(3.1)
where c(t) is a positive continuous and bounded function of t ∈ [0, T ′[ if T ′ <+∞, depending
also on the initial data norms. The Theorem 1 follows easily. At a certain stage of the proof,
we will assume that φ = φ(r, t). By multiplying the equation (1.1) by φt , integrating in R2,
integrating by parts and integrating in t we get
1
2
∫
φ2t dx +
1
2
∫
|∇φ|2 dx + 1
12
∫
|∇φ|4 dx +
t∫
0
∫
|∇φt |2 dx dτ = c,(3.2)
where
∫ = ∫
R2 .
We derive immediately, since φ(t)= ∫ t0 φt(τ )dτ + φ0,
‖φt‖2L2 +
t∫
0
∫
|∇φt |2 dx dτ + ‖φ‖2H 1 +‖∇φ‖2L4  c(t).(3.3)
Now multiply the equation (1.1) by φ and integrate in R2. Since
div
(
1
3
|∇φ|2∇φ
)
= 1
3
|∇φ|2φ + 2
3
∑
i,j
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
we have:∫
φttφ dx −
∫
|φ|2 dx − 1
3
∫
|∇φ|2|φ|2 dx − 2
3
∑
i,j
∫
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
φ dx
= 1
2
∂
∂t
∫
|φ|2 dx.
(3.4)
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Now, we have∫
φttφ dx =−
∫
∇φtt · ∇φ dx = ∂
∂t
[
−
∫
∇φt · ∇φ dx
]
+
∫
|∇φt |2 dx,(3.5)
−2
3
∑
i,j,k
∫
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
∂2φ
∂x2k
dx
= 2
3
∑
i,j,k
∫
∂φ
∂xj
∂2φ
∂x2i
∂φ
∂xj
∂2φ
∂x2k
dx + 2
3
∑
i,j,k
∫
∂φ
∂xj
∂φ
∂xi
∂2φ
∂xi ∂xj
∂2φ
∂x2k
dx
+ 2
3
∑
i,j,k
∫
∂φ
∂xj
∂φ
∂xi
∂φ
∂xj
∂3φ
∂x2k ∂xi
dx,
− 2
3
∑
i,j,k
∫
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
∂2φ
∂x2k
dx
= 1
3
∫
|∇φ|2|φ|2 dx + 1
3
∑
i,k
∫
|∇φ|2 ∂φ
∂xi
∂3φ
∂x2k ∂xi
dx,
(3.6)
1
3
∑
i,k
∫
|∇φ|2 ∂φ
∂xi
∂3φ
∂x2k ∂xi
dx
=−2
3
∑
i,j,k
∫
∂2φ
∂xj ∂xk
∂φ
∂xj
∂φ
∂xi
∂2φ
∂xk ∂xi
dx − 1
3
∑
i,k
∫
|∇φ|2 ∂
2φ
∂xi ∂xk
∂2φ
∂xk ∂xi
dx  0.
(3.7)
We derive, by (3.4), . . . , (3.7), integrating in t ,
1
2
∫
|φ|2 dx −
∫
∇φt · ∇φ dx +
t∫
0
∫
|∇φ|2 dx dτ + c

∫
φtφ dx + c, by (3.4),
and so, by (3.4), ‖φ‖L2  c. Hence
‖φ‖H 2  c(t);(3.8)
(in particular, we get ‖∇φ‖Lp  cp(t) for p ∈ [2,+∞[).
Now multiply the equation (1.1) by (φ)3 and integrate in R2. We obtain∫
φtt (φ)
3 dx −
∫
|φ|4 dx −
∫
div
(
1
3
|∇φ|2∇φ
)
(φ)3 dx = 1
4
∂
∂t
∫
|φ|4 dx.(3.9)
We have
−
∫
div
(
1
3
|∇φ|2∇φ
)
(φ)3 dx
=−1
3
∫
|∇φ|2|φ|4 dx − 2
3
∑
i,j
∫
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
(φ)3 dx,
J.-P. DIAS / J. Math. Pures Appl. 80 (2001) 535–546 541∫
φtt (φ)
3 dx = ∂
∂t
∫
φt(φ)
3 dx −
∫
φt3|φ|2 ∂
∂t
φ dx,(3.10)
∣∣∣∣ ∫ φt(φ)3 dx∣∣∣∣ ε ∫ |φ|4 dx + c(ε)∫ φ4t dx, ε > 0.(3.11)
From the previous estimates and by the estimates in L∞(R2) for the heat equation (cf. [7])
applied to φt (cf. (2.2) with ψ = φ), we derive
‖φt‖Lp  cp(t) for p ∈ [2,+∞].(3.12)
We need to prove the following:
LEMMA. – If f ∈H 3(R2) and f = f (r), r = |x|, we have∫
div
(|∇f |2∇f )(f )3 dx  0.
Proof. – We have
|∇f |2f = f ′2
(
f ′
r
+ f ′′
)
,
∑
i,j
∂2f
∂xi∂xj
∂f
∂xi
∂f
∂xj
= f ′′f ′2.
Hence, ∫
div
(|∇f |2∇f )(f )3 dx
= 2π
+∞∫
0
rf ′2
(
f ′′ + f
′
r
)4
dr + 2π
+∞∫
0
2rf ′′f ′2
(
f ′′ + f
′
r
)3
dr
= 2π
+∞∫
0
rf ′2
(
3f ′′ + f
′
r
)(
f ′′ + f
′
r
)3
dr.
Moreover,
rf ′2
(
3f ′′ + f
′
r
)(
f ′′ + f
′
r
)3
= f
′6
r3
+ 6f
′5f ′′
r2
+ 12f
′4f ′′2
r
+ 10f ′3f ′′3 + 3rf ′2f ′′4
 f
′6
r3
+ 6f
′5f ′′
r2
+
( 5√
3
f ′2f ′′
r1/2
+√3r1/2f ′f ′′2
)2
 6f
′5f ′′
r2
= 1
r2
d
dr
(f ′6).
Without loss of generality, we can assume f ∈ H 5(R2). We derive f ′′f ′2 ∈ H 3(R2),
f ′3/r = f ′2(f ′/r + f ′′) − f ′′f ′2 ∈ H 3(R2). In particular, f ′′f ′2 and f ′3/r are continuous
at r=0 (as r functions). Hence, f ′3 is continuous at r = 0 and f ′3(0)= 0, and the same for |f ′|.
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From f ′3/r = f ′2f − f ′′f ′2, we derive
lim
r→0
f ′3
r
=− lim
r→0f
′′f ′2.
But, by Cauchy’s theorem,
lim
r→0
f ′3
r
= lim
r→0 3f
′′f ′2.
Hence,
f ′3
r
(0)= lim
r→0
f ′3
r
= 0 = lim
r→0f
′′f ′2.
Let g(r)= (f ′(r))3/r . We have g ∈H 3(R2) ↪→ C1(R2) ∩W 1,∞(R2) and g(0)= 0. Hence,
g(x)= x · ∇g(ξ), |g(r)|
r
 ‖∇g‖L∞  c‖g‖H 3 .
It follows g/r ∈ L2(R2) and same conclusion for h(r) = f ′′(r)f ′2(r). We deduce f ′6/r3 ∈
L1(R+), f ′′2f ′4/r ∈ L1(R+) and the same for f ′′f ′5/r2  12 (f ′′2f ′4/r + f ′6/r3). Hence,
+∞∫
0
1
r2
d
dr
(
f ′6
)
dr = 2
+∞∫
0
f ′6
r3
dr − f
′6
r2
(0)= 2
+∞∫
0
f ′6
r3
dr  0,
and the lemma is proved. ✷
Furthermore we have, by (3.12),∣∣∣∣∣
t∫
0
∫
φt |φ|2 ∂
∂t
φ dx dτ
∣∣∣∣∣ c(t)
( t∫
0
∫
|φ|4 dx dτ
)1/2( t∫
0
∫
|φt |2 dx dτ
)1/2
.(3.13)
Hence, we derive by (3.9), . . . , (3.13) and by the lemma, assuming φ(x, t) = φ(r, t), r = |x|,
from now on, we have:
∫
|φ|4 dx  c(t)
(
1+
t∫
0
∫
|φ|4 dx dr +
t∫
0
∫
|φt |2 dx dr
)
.(3.14)
Now, multiply the equation (1.1) by φt and integrate in R2, We obtain, by (1.4) and (3.8),
∂
∂t
1
2
∫
|∇φt |2 dx + ∂
∂t
1
2
∫
|φ|2 dx +
∫
|φt |2 dx
=−1
3
∫
|∇φ|2φφt dx − 23
∑
i,j
∫
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
φt dx
 c(t)
(
1+ ‖φ‖2
L4
)‖φt‖L2
 c(t)
(
1+ ‖φ‖4L4
)+ 1
2
‖φt‖2L2 .
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Hence,
∫
|∇φt |2 dx +
t∫
0
∫
|φt |2 dx dτ  c(t)
(
1+
t∫
0
∫
|φ|4 dx dτ
)
.(3.15)
By (3.14) we derive
‖φ‖L4  c(t)(3.16)
and so, by (1.4), (3.15) and (3.16),
‖∇φt‖2L2 +
t∫
0
∫
|φt |2 dx dτ + ‖∇φ‖2L∞  c(t).(3.17)
Now differentiate the equation (1.1) in t and multiply by φtt . Assuming, without loss
of generality, by a suitable “mollification” procedure (cf. [6], p. 361), φ ∈ C([0, T ′[;H 4) ∩
C1([0, T ′[;H 3)∩C2([0, T ′[;H 1)∩C3([0, T ′[;L2), we easily obtain:
∂
∂t
1
2
∫
φ2t t dx +
∂
∂t
1
2
∫
|∇φt |2 dx +
∫
|∇φtt |2 dx
= 1
3
∫ (|∇φ|2φ)
t
φt t dx + 13
∫ (∇|∇φ|2 · ∇φ)
t
φt t dx.
(3.18)
Now, we have by (3.17) and (3.16) and Gagliardo–Nirenberg inequality:∣∣∣∣ ∫ |∇φ|2φtφtt dx∣∣∣∣ c(t)(1+ ‖φt‖2L2 + ‖φtt‖2L2),(3.19)
∣∣∣∣ ∫ (|∇φ|2)tφφtt dx∣∣∣∣  c(t)‖∇φt‖L4‖φ‖L4‖φtt‖L2
 c(t)
[‖∇φt‖1/2L2 (‖φt‖L2 + ‖∇φ‖L2)1/2]‖φtt‖L2
 c(t)
(
1+ ‖φt‖2L2 + ‖φtt‖2L2
)
,
(3.20)
∣∣∣∣ ∫ (∇|∇φ|2)t · ∇φφtt dx∣∣∣∣
=
∣∣∣∣− ∫ (|∇φ|2)tφφtt dx − ∫ (|∇φ|2)t∇φ · ∇φtt dx∣∣∣∣
 c(t)
(‖∇φt‖L4‖φ‖L4‖φtt‖L2 +‖∇φt‖L2‖∇φtt‖L2)
 c(t)
[‖∇φt‖1/2L2 (‖φt‖L2 + ‖∇φt‖L2)1/2‖φtt‖L2 + ‖∇φt‖L2‖∇φtt‖L2]
 c(t)
(
1+ ‖φt‖2L2
)+ 1
4
‖∇φtt‖2L2,
(3.21)
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=
∣∣∣∣− ∫ |∇φ|2φtφtt dx − ∫ |∇φ|2∇φt · ∇φtt dx∣∣∣∣
 c(t)
(‖φt‖L2‖φtt‖L2 + ‖∇φt‖L2‖∇φtt‖L2)
 c(t)
(
1+ ‖φt‖2L2 +‖φtt‖2L2
)+ 1
4
‖∇φtt‖2L2 .
(3.22)
We derive, by (3.18), . . . , (3.22) and (3.17),
∫
φ2t t dx  c(t)
(
1+
t∫
0
∫
φ2t t dx dτ +
t∫
0
∫
|φt |2 dx dτ
)
,
‖φtt‖2L2  c(t).(3.23)
Now, from the previous estimates and by the equation (1.1), we deduce ‖φt‖L2  c(t).
Hence, by (3.3),
‖φt‖H 2  c(t).(3.24)
Finally, we want to derive a estimate for ‖φ‖H 3 :
Take the gradient ∇ of the equation (1.1) and multiply by ∇φ. We derive:∫
∇φtt · ∇φ dx −
∫
|∇φ|2 dx − 1
3
∫
∇(|∇φ|2φ) · ∇φ dx
− 2
3
∫
∇
(∑
i,j
∂2f
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
)
· ∇φ dx
= 1
2
∂
∂t
∫
|∇φ|2 dx.(3.25)
We have:∫
∇φtt · ∇φ dx =−
∫
φttφ dx =− ∂
∂t
(∫
φtφ dx
)
+
∫
|φt |2 dx,(3.26)
−
∫
∇(|∇φ|2φ) · ∇φ dx
=−
∫
|∇φ|2|∇φ|2 dx − 2
∑
i,j
∫
∂2φ
∂xi ∂xj
∂φ
∂xj
φ
∂
∂xj
φ dx,
(3.27)
∣∣∣∣ ∑
i,j,k,m
∫
∂2φ
∂xi ∂xj
∂φ
∂xj
∂2φ
∂x2k
∂3φ
∂xj ∂x2m
dx
∣∣∣∣  c(t)∑∥∥∥∥ ∂2φ∂xi ∂xj
∥∥∥∥2
L4
∥∥∥∥ ∂3φ∂xk ∂x2m
∥∥∥∥
L2
 c(t)
(
1+ ‖φ‖2
H 3
)
,
(3.28)
by (1.5) and the previous estimates.
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Now, we have (we omit the index in ∑):
−
∫
∇
(∑
i,j
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
)
· ∇φ dx
=−
∑∫ ∂
∂xm
(
∂2φ
∂xi ∂xj
∂φ
∂xi
∂φ
∂xj
)
∂
∂xm
(
∂2φ
∂x2k
)
dx
=−
∑∫ ∂3φ
∂xi ∂xj ∂xm
∂φ
∂xi
∂φ
∂xj
∂3φ
∂x2k ∂xm
dx
−
∑∫ ∂2φ
∂xi ∂xj
∂2φ
∂xi ∂xm
∂φ
∂xj
∂3φ
∂x2k ∂xm
dx
−
∑∫ ∂2φ
∂xi ∂xj
∂φ
∂xi
∂2φ
∂xj ∂xm
∂2φ
∂x2k ∂xm
dx
=−2
∑∫ ∂2φ
∂xi ∂xj
∂2φ
∂xi ∂xm
∂φ
∂xj
∂3φ
∂x2k ∂xm
dx
−
∑∫ ∂3φ
∂xi ∂xj ∂xm
∂φ
∂xi
∂φ
∂xj
∂3φ
∂x2k ∂xm
dx.
(3.29)
The first term is estimated as in (3.28). For the second term, that we note by θ , we have:
θ =
∑∫ ∂3φ
∂xi ∂xj ∂xm
∂φ
∂xi
∂2φ
∂xi ∂xm
∂2φ
∂xk ∂xm
dx
+
∑∫ ∂3φ
∂xi ∂xj ∂xm
∂2φ
∂xi ∂xm
∂φ
∂xj
∂2φ
∂xk ∂xm
dx
+
∑∫ ∂4φ
∂xi ∂xj ∂xm ∂xk
∂φ
∂xi
∂φ
∂xj
∂2φ
∂xk ∂xm
dx.
(3.30)
The two first terms can be estimated as in (3.28).
For the third term, that we note by θ1, we have:
θ1 =
∑∫ ∂3φ
∂xj ∂xm ∂xk
∂2φ
∂x2i
∂φ
∂xj
∂2φ
∂xk ∂xm
dx
−
∑∫ ∂3φ
∂xj ∂xm ∂xk
∂φ
∂xi
∂2φ
∂xi ∂xj
∂2φ
∂xk ∂xm
dx
−
∑∫ ∂3φ
∂xj ∂xm ∂xk
∂φ
∂xi
∂φ
∂xj
∂3φ
∂xi ∂xk ∂xm
dx.
(3.31)
The two first terms can be estimated as in (3.28) and the third term is negative. We deduce,
from (3.26), . . . , (3.31) and the previous estimates
∑
i
∫ ∣∣∣∣( ∂∂xi φ
)∣∣∣∣2 dx  c(t)
(
1+
t∫
0
∥∥φ(τ)∥∥2
H 3 dτ
)
.(3.32)
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But, by Fourier transform we have:∥∥∥∥ ∂3φ∂xi ∂xj ∂xk
∥∥∥∥2
L2
 c
(∥∥∥∥ ∂φ∂xi
∥∥∥∥2
L2
+
∥∥∥∥( ∂φ∂xi
)∥∥∥∥2
L2
)
.
Hence, we derive by (3.32),
‖φ‖2
H 3  c(t)
(
1+
t∫
0
∥∥φ(τ)∥∥2
H 3 dτ
)
and so
‖φ‖H 3  c(t).(3.33)
Hence, by (3.23), (3.24) and (3.33), we obtain (3.1) and this achieves the proof of
Theorem 1. ✷
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